Relatively low crossover temperature suggests that chiral symmetry restoration in QCD may well be described within the low-energy effective theory. The shape of the pseudocritical line in the T − µ plane is estimated within this assumption. No critical endpoint is found for physical values of quark masses. * Also at ITEP, Moscow, Russia
Approximate chiral symmetry is extremely important in shaping the lowenergy properties of hadrons and interactions among them. Broken in the vacuum, at high temperatures chiral symmetry gets restored at a sharp crossover that would become a real phase transition if quarks were massless or very very light. It is believed that the crossover gets more and more pronounced at larger baryon densities and eventually merges onto a line of first-order phase transitions at a critical endpoint [1] .
The transition temperature and the curvature of the pseudocritical line at small chemical potentials are known quite reliably from lattice simulations. The critical temperature turns out to be rather low (T 0 ≃ 157 Mev [2] ), not much larger than the pion mass, and certainly smaller than any typical hadronic scale. At such low energies chiral perturbation theory should be a reasonable first approximation and, following [3] , we will estimate the shape of the whole critical line within this assumption augmented with a simple model of chiral dynamics.
The starting point is the standard chiral Lagrangian:
The pion field can be regarded as a phase of the chiral condensate:ψψ ∼ Σ e iT a πa , and in this scenario the condensate does not melt at the transition point but is rather phase-disordered. Strong pion fluctuations, such that ⟨tr e iT a πa ⟩ = 0, are sufficient to restore chiral symmetry even if the modulus of the condensate remains non-zero: ⟨Σ⟩ ≠ 0. Although this mechanism is different, its symmetry-breaking pattern is the same as in a more conventional scenario of gradually melting condensate, and universality considerations [4] apply here without change.
We are not going to discuss an underlying cause of the chiral disorder, which can be triggered by proliferation of skyrmions [5, 6] , in parallel to the Berezinskii-Kosterlitz-Thouless transition in 2d, or by a different physical mechanism [7, 8, 9] the details of which will not be important here, we just assume that ⟨tr U ⟩ → 0 at some critical temperature T c , sufficiently low for the chiral Lagrangian to capture essential physics. Dimensional analysis then dictates that
where κ is a numerical constant of order one 1 .
To proceed further we need a model for the chiral Lagrangian itself. In principle, it is generated by integrating out heavy degrees of freedom in the full partition function of QCD while keeping the low-energy Goldstone modes as external fields. For obvious practical reasons we consider a simpler phenomenological model amenable to analytical treatment [10, 11, 12, 13] :
The model describes the simplest coupling of Goldstone bosons to constituent quarks consistent with symmetries of QCD [14] . The constituent quark mass 1 Taking T 0 = 157 Mev and neglecting thermal corrections to the pion decay constant F π = 92 Mev results in κ = 1.71. A mean-field calculation in the N f = 2 non-linear sigmamodel gives κ = √ 3 = 1.73 [8] . So perfect agreement is likely a numerical coincidence, and indeed thermal corrections (see below) diminish F and hence raise κ by 20%, but still the numbers are within a reasonable range from one another.
can be estimated as a half of the ρ-meson mass or a third of the nucleon mass, and we will take M = 350 +40 −40 Mev in numerical calculations. The effective action for Goldstone bosons is generated by integrating out constituent quarks:
which should be further expanded in derivatives. This model can be justified within the instanton liquid theory [10, 15] . Simple as it is, the model yields reasonable values for low-energy constants of chiral perturbation theory [16] and underlies a quantitatively consistent description of nucleon as a chiral soliton [12, 13] . The chiral Lagrangian arises at the first order in the derivative expansion, with the pion decay constant given by [13] 
At finite temperature and density p 0 integration is replaced by summation:
where µ is the quark chemical potential. Standard manipulations with the Matsubara sum yield:
where F π = 92 Mev is the pion decay constant at zero temperature and density. Pions do not carry baryon charge and the chemical potential appears in the low-energy theory only through thermal corrections to the pion decay constant F ≡ F (T, µ). Once the dependence of F on T and µ is known, the critical line in the T − µ plane can be computed from (2):
The shape of the critical line can then be inferred from (7), (6) . Since thermal fluctuations tend to diminish F , transition temperature will decrease with µ: (7), (6) . Boltzmann and Fermi approximations (9) and (12) The predicted critical line is shown in fig. 1 . It starts very flat, abruptly curves down at µ ∼ M and passes through a turning point before terminating on the zero-temperature line at (0, µ * ) with µ * = 387 Mev. This behavior is easily understood at the qualitative level.
Consider first small chemical potentials. The relevant parameter then is the ratio M T 0 ≃ 2.2, which is not huge but one can notice that exponential dependence on M T leads to considerable, O(10) Boltzmann suppression. Expanding the integral (6) further in T M , one gets:
which yields a simple approximate formula for the critical line [3] :
As seen from fig. 1 , this approximation works reasonably well as long as µ ≲ 100 Mev.
The critical temperature at small µ is often represented by Taylor expan-sion in the baryon chemical potential:
where µ B = N c µ. From (9) we get for the first two coefficients:
The error intervals are obtained by varying M between 310 and 390 Mev. These estimates are in reasonable agreement with recent lattice results: κ 2 = 0.012(4) and κ 4 = 0.000(4) [2] 2 . The tiny value of κ 2 and the ensuing flatness of the critical line here arise as consequences of the Boltzmann suppression. In the opposite limit, when temperature goes to zero, the Fermi distribution becomes a step function, and the integral in (6) can again be computed analytically. With the first temperature correction taken into account,
At zero temperature the decay constant F (0, µ) diminishes with µ and eventually turns to zero at µ = µ * , where
This is exactly where the critical line terminates, because (7) implies that T c (µ * ) = 0 once F (0, µ * ) = 0. At small but non-zero temperatures, one has to keep the O(T 2 ) term, which yields for the critical temperature:
2 There are several lattice [17] and phenomenological [18] determinations of the curvature of the critical line which are broadly consistent with each other [19] .
As seen from fig. 1 this is a good approximation only for very low temperatures T ≲ 20 Mev. The critical curve then almost exactly follows the F 2 (T, µ) = 0 line, due to numerical proximity of µ * to M that enhances the O(T 2 ) coefficient in (12) . The small denominator and the positive sign of the O(T 2 ) correction explain why the critical curve makes a wiggle and has to pass through a turning point to match the declining bulk segment.
The current quark masses have been completely neglected so far. Once included,
they generate Goldstone boson masses at the linear order in m q :
with
The last formula is equivalent to the Gell-Mann-Oaks-Reiner relation, and at finite temperature and density reads
Here m 2 G is the pseudo-Goldstone mass-squared matrix at zero temperature and density. The mass eigenvalues are computed by substituting m q = m u + m d for π, m q = m s + m u for K ± , m q = m s + m d for K 0 , and m q = (4m s + m d + m u ) 3 for η.
All the dependence on the chemical potential is again oblique, allowing for extrapolation of zero-density data into the whole µ−T plane, as we did before for the critical line. For physical values of the quark masses, the transition becomes as crossover, but once m u,d,s and hence m 2 π and m 2 K are allowed to vary, the nature of the transition may change. A first-order transition is expected to exist in the corner of the m 2 π − m 2 K diagram, known as the Columbia plot [20] (see [21] for a review of recent lattice results). As the chemical potential varies, the Goldstone masses move on the Columbia plot according to (18) and may eventually reach the phase-transition domain. Crossing the separatrix between crossover and first-order phase transition regions would correspond to the critical endpoint on the T − µ plane.
But this assumes that Goldstone masses decrease along the pseudocritical line, while they actually grow. One can analyze how the Goldstone masses behave at very small chemical potentials using Boltzmann approximation. Expanding (18) in T M and taking into account (8), we get:
Since 6T 0 m q m 2 G = 0.36, the correction drives the mass upwards. The mass corrections become even larger at lower temperatures because F (T c , µ) turns to zero at the endpoint of the critical curve, while the right-hand side of (18) remains finite.
The variation of the Goldstone masses along the pseudocritical line, computed from (18) , is shown in fig. 2 . The masses grow all along and eventually kaons and pions become indistinguishable from heavier mesons. Somewhat arbitrarily, we choose crossing the ρ-meson mass as the decoupling condition. The points where kaons and pions decouple are marked in fig. 2 and also on the phase diagram in fig. 1 . Since the Goldstone masses increase along the crossover line the critical endpoint never arises in this scenario. The crossover in fact becomes weaker and weaker at larger chemical potentials. This is perhaps the most interesting qualitative prediction of this model.
We considered a scenario in which the chiral crossover is triggered by strong pion fluctuations which disorder the chiral condensate's phase. This mechanism is physically distinct from gradual melting of the condensate and should leave characteristic imprints on the observables close to the transition point [5, 7] . One distinct feature of this scenario is an absence of the critical endpoint on the phase diagram. Crossover always remains a crossover, and moreover becomes less sharp with growing chemical potential. This relatively unconventional conclusion is consistent with recent lattice simulations of the N c = 2, N f = 4 theory [22] , where no sharp transition was observed.
Simple as it is the model gives concrete predictions for the shape of the pseudo-critical line in the µ − T plane, in reasonable agreement with recent lattice evaluations. It would be interesting to compute other quantities within this model, for example temperature dependence of the chiral condensate or the cumulants of the baryon number fluctuations.
